The class of points in a set-presented formal topology is a set, if all points are maximal. To prove this constructively a strengtening of the dependent choice principle to innite wellfounded trees is used.
Introduction
The development of formal topology (Sambin 1987) in predicative theories such as Martin-Löf type theory, or constructive set theory, presents size problems which seems odd from a classical point of view. It has been observed by several people (Coquand, Martin-Löf, personal communication)
that the collection of points in the Sierpinski space (!) need not be (isomorphic to) a set within such theories. This is the prime example of a space with partial points.
We show in this paper that if a formal topology S is set-presented, in the sense of Aczel, and has only maximal points, then the collection of its points Pt(S) is isomorphic to a set. This generalises a result by Curi (2001) on setrepresentability. The crucial result (Theorem 4.3) is that any suitably small subset of a point can be extended to a point picked from a prescribed small power set. This power set depends only on the data of the formal space.
The proof involves what seems to be a new choice principle (Theorem 4.2).
It is a generalisation of dependent choice from natural numbers to W-types and is provable in type theory.
Formal topologies
Let S be a set. For any binary relation ≤ on S dene the formal intersection of subset U, V ⊆ S with respect to the relation as
A subset W ⊆ is ltering w.r.t. ≤ if for any x, y ∈ W there exists z ∈ W with z ≤ x and z ≤ y.
Denition 2.1 Let S be a set, and let ¡ be a relation between elements of S and subsets of S, i.e. ¡ ⊆ S × P(S). Extend ¡ to a relation between subsets of S:
Denition 2.2 A formal topology is a pre-ordered set S = (S, ≤) (of socalled basic opens) together with a relation ¡ ⊆ S × P(S), the covering relation, satisfying the four conditions
(R stands for reexivity, T for transitivity, L for localization and E for extension.) A point is a non-void subset α ⊆ S which is ltering with respect to ≤, and such that U ∩ α is non-void whenever a ¡ U for some a ∈ α.
This denition (Sigstam 1995; Sigstam and Stoltenberg-Hansen 1997 ) is a generalisation of Martin-Löf 's original denition. It can be shown to be equivalent to a Grothendieck topology on a pre-ordered sets. As noted by Sambin, one can dispense with the partial order (taking (E) to be a dening equivalence instead) and dene all notions in terms of the cover relation.
Regular universes in type theory
We dene a type-theoretic counterpart to regular sets (Aczel 1986 ).
Let B : A → Set be a family of sets indexed by A : Set. Then we assume U = U (B) and T = T (B) is a family of sets satisfying
It is thus a universe closed under Σ which includes the family B. Any such universe is called regular universe enclosing B (where ε is not necessarily a constructor). An ordinary type-theoretic universe (Martin-Löf 1984) may then be considered as a regular universe enclosing many dierent B. We call the minimal U, T dened above the canonical regular universe enclosing B (cf. also universe operators (Palmgren 1998) ). This universe could also be considered as the set of enumerable sets relative to the family B. Consider an arbitrary regular universe U, T enclosing B. We note that the set of propositions in U are closed under conjunction (a & b = σ(a, (x)b)) and existential quantication over sets in U . Dene the regular power set of X enclosing B as
As an application that will be used in the next section consider the following process of forming ltering subsets. Consider a binary relation ≤ on a set S and a ltering subset
Here
Note that
By employing this choice function we avoid making separation with respect to W . In fact, if the universe of R(X) contains the natural numbers N, the set S and its equality relation, we have that M n+1 ∈ R(X) whenever M n ∈ R(X). Thus if M belongs to R(X), so does M * by taking a union indexed by N. This fact will be important below.
Size problems and points
Following P. Aczel we call a formal topology (X, ≤, ¡ ) set-presented if there exists a family of subsets C(a, i) ⊆ X (a : X, i :
(This particular formulation is due to Martin-Löf and Sambin.) Note that a ¡ C(a, i) for any i : I(a).
The collection of points Pt(X) of a set-presented formal topology need not be isomorphic to a set, as can be seen by considering the Sierpinski space.
Restricting the points α to some xed R(X) we get a set of point Pt R (X)
which satises some interesting closure conditions:
Proposition 4.1 Let α i ∈ Pt R (X) be a ⊆-directed set of points, where I belongs to the universe on which R(X) is based. Then
In particular, this holds if S belongs to the universe and I = (Σx : X)P (x), where the predicate P : R(X). P
Note that this states a strong directed completeness in the case of Scottspaces. For most purposes ω-completeness is already sucient.
We shall obtain a partial representation theorem for points. First we give a generalisation of the principle of dependent choice. Let I be a set and let B be a family of sets over I and take W (I, B) to be the W-type speci- for a family of sets B over the set I. Write B i = B(i) and sup i h = sup(i, h).
Suppose that X is a set, P is a predicate on X and that R i,u is a binary relation on X when i : I, u : B(i). If, for all i : I and g :
then there is a choice function f : W → X such that P (f (x)) for each x : W , and moreover
Proof. The proof is analogous to that for N-dependent choice: dene by W -recursion a suitable function q : W → (Σy : X)P (y). The details can be found in (Palmgren 2002 ). P Theorem 4.3 Let X = (X, ≤, ¡ ) be a set-presented formal topology. Then there exists a regular power set R(X), itself a set and containing all singletons of elements from X, such that for each point γ ∈ Pt(X) and each non-void A 0 ⊆ γ with A 0 : R(X), there exists a point α 0 ∈ Pt R (X) with
Proof. Suppose now that X = (X, ≤, ¡ ) is set-based by the family of subsets C(a, i) ⊆ X (a : X, i : I(a)). Form the W-type W = W (X + {0, 1}, I ) where
Suppose that R(X) is a regular power set whose universe includes W . Further closure conditions on this power set will be added below.
Take a point γ ∈ Pt(X) and a non-void A 0 ⊆ γ with A 0 : R(X). We shall employ the Well-founded Dependent Choice Theorem. Dene the predicate
The relation R a ,i (α, β) is dened as follows for the dierent cases of a . For a = inl(a), let R a ,i (α, β) be
For a = inr(0) the relation can be taken to be anything since I (a ) = ∅. Finally, for a = inr(1), let R a ,i (α, β) be α ⊆ β.
Suppose that
where a : X + {0, 1} and g : I (a ) → R(X). We shall prove that
by considering the dierent cases for a .
Case a = inl(a). By the assumption (2) we have
Then consider the type H a,i = (a ∈ g(i)), which is non-void if, and only if, a ∈ g(i) holds. It belongs to the universe of the restricted power set. Now since g(i) is a subset of the point γ, we have the implication
(Here is a tricky constructive application of type-theoretic choice.) Thus there is a choice function h a,i :
Then form the subset δ 2 = ∪ i:I(a) ∪ w:H a,i {h a,i (w)} ∈ R(X).
(Note that we need to assume that I(a), the natural numbers, the binary relation ≤, the subset A 0 , the set X and its equality relation belongs to the universe. The * operation involves application of N-dependent choice.)
Further, g(i) ⊆ δ 1 ⊆ δ for any i : I(a). Suppose that a ∈ g(i). Then w ∈ H a,i for some w, and so by the construction of the choice function h a,i (w) ∈ C(a, i) and h a,i (w) ∈ δ 2 ⊆ δ. Thus we have veried R inl(a),i (g(i), δ) for any i : I(a).
Case a = inr(0). In this case I (a ) = ∅, so we need only to show that P (δ) for some δ : R(X). But this is clear taking δ = A * 0 ⊆ γ.
Case a = inr (1) . Here I (a ) = {0, 1}. By the assumption P (g(0)) and P (g (1)). Let δ = (g(0) ∪ g(1)) * ⊆ γ, where δ : R(X). Thus P (δ) and
The assumptions for Well-founded Dependent Choice have thereby been fullled. By that theorem we now get a choice function f :
and (∀a : X + {0, 1})(∀h :
Now W belongs to the universe of R(X) so α 0 = x:W f (x) ∈ R(X) and α 0 ⊆ γ by (3). Since I (inr(0)) is empty, W is non-void and hence by (3) (1), h) ). By (3), P (δ) and by (4), f (t k ) ⊆ δ. Hence b 0 , b 1 ∈ δ and since the latter is ltering there is some
Finally, we prove the splitting condition. Suppose that a ∈ α 0 and i : I(a). Then a ∈ f (t) for some t : W . Let h : I(a) → W be the constant function j → t. Put a = inl(a). By (4) we get R a ,i (f (h(i)), f (sup(a , h))). Since h(i) = t and a ∈ f (t) this implies that for some c ∈ C(a, i) we have c ∈ f (sup(a , h)). Thus also c ∈ α 0 . This concludes the proof that α 0 has the desired properties. P Corollary 4.4 Let X = (X, ≤, ¡ ) be a set-based formal topology. If Pt(X) has only points that are maximal with respect to ⊆, then Pt(X) = Pt R (X).
P
The locally compact regular spaces form an important class of spaces.
Curi (2001) In other cases the above theorem gives at least an approximation theorem for non-maximal points. It seems that one cannot hope for much stronger set-representation than this. The mentioned example of the Sierpinski space can be generalised to any Pt(X) which has one point properly contained in another α ⊂ β. We call α a partial point. For any proposition Q dene a point by α Q = {x ∈ β : x ∈ α or Q}.
Hence α Q = β i Q holds. Thus Pt(X) cannot be isomorphic to a set without assuming a strong comprehension principle.
